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Abstract
We ﬁrst study a parabolic–ODE system modelling tumour growth proposed by Othmer and Stevens [Aggregation, blowup, and
collapse: the ABC’s of taxis in reinforced random walks, SIAM J. Appl. Math. 57 (4) (1997) 1044–1081]. According to Levine and
Sleeman [A system of reaction and diffusion equations arising in the theory of reinforced random walks, SIAM J.Appl. Math. 57 (3)
(1997) 683–730], we reduced it to a hyperbolic equation and showed the existence of collapse in [A. Kubo, T. Suzuki, Asymptotic
behavior of the solution to a parabolic ODE system modeling tumour growth, Differential Integral Equations 17 (2004) 721–736].
We also deal with the system in case the reduced equation is elliptic and show the existence of collapse analogously. Next we apply
the above result to another model proposed byAnderson and Chaplain arising from tumour angiogenesis and show the existence of
collapse. Further we investigate a contact point between these two models and a common property to them.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
In [7] Othmer and Stevens derived a parabolic–ODE system modelling chemotactic aggregation of myxobacteria,
where unknown functions P =P(x, t) andW =W(x, t) stand for the density of the bacteria and that of control species,
respectively. That is,
Pt = D∇ ·
[
P∇
(
log
P
(W)
)]
, (1.1)
Wt = WP in × (0, T ) (1.2)
with ﬂux-zero condition
P∇
(
log
P
(W)
)
· = 0 on × (0, T ) (1.3)
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and
P(x, 0) = P0(x)0, W(x, 0) = W0(x)> 0 in , (1.4)
where  is a bounded domain in Rn with smooth boundary , D> 0 is a constant,
(W) =
(
W + 
W + 
)a
stands for the sensitivity function with the prescribed constants , > 0 and a, and  denotes the outer unit normal
vector. In fact, [7] provides the reinforced random walk on lattice points as in Davis [3], takes the renormalized limit,
and gets the above system. Throughout this paper we call this mathematical model Othmer–Stevens model.
This method of mathematical modelling has gained the understanding of tumour angiogenesis by the numerical
computation, and actually, [7] classiﬁed the solution according to its behavior as t → +∞:
1. (aggregation) lim inf t→∞‖P(·, t)‖L∞ > ‖P(·, 0)‖L∞ and ‖P(·, t) ‖L∞ <C for all t.
2. (blowup) ‖P(·, t)‖L∞ becomes unbounded in ﬁnite time.
3. (collapse) lim supt→∞‖P(·, t)‖L∞ < ‖P(·, 0)‖L∞ .
Mathematical analysis of this model was done by Levine and Sleeman [6]. However, their simpliﬁcation of the model,
which will be explained in (1.6)–(1.7), does not seem to be efﬁcient in some cases, so in Kubo and Suzuki [4] they
provide a mathematical study for the original system. In fact, taking logW =, we get t = P and
t t = Dt − ∇ ·
(
aD(− )e
(e + )(e + )t∇
)
in × (0, T ) (1.5)
from (1.1) and (1.2). Then our problem is reduced to the following (see [4]):
(TM)
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
P [] =t t − Dt + ∇ ·
(
aD(− )e
(e + )(e + )t∇
)
= 0 in × (0, T ),


| = 0 on × (0, T ),
t (x, 0) = P0(x),(x, 0) = logW0(x) in .
In [6], Levine and Sleeman replaced the coefﬁcient
a(− )e
(e + )(e + ) =
a(− )W
(W + )(W + ) (1.6)
by a constant, under the agreement that >W> or >W>. Their argument is veriﬁed in [6] if W is bounded for
any t > 0. However, there is a case that W = e is unbounded, where this simpliﬁcation is not valid.
Nevertheless, the simpliﬁed case also seems to be interesting as a speciﬁc one of the original problem. If >W>,
according to the above argument the equation is rewritten by the following simpliﬁed form:
t t = Dt − aD∇ · (t∇) in × (0, T ). (1.7)
Then (TM) is reduced to the following:
(CH)
⎧⎪⎨
⎪⎩
t t − Dt + aD∇ · (t∇) = 0 in × (0, T ),


| = 0 on × (0, T ),
t (x, 0) = P0(x), (x, 0) = logW0(x) in .
(CH) has been studied by many authors. Levine and Sleeman [6] constructed the solution when n = 1, D = 1 and
a=1,−1. They showed the existence of a collapse solution in the case of n=1 and a=−1 and that of blow up solution
in the case of n= 1 and a = 1 (cf. [9]). On the other hand,Yang et al. [10] proved that both time global and blow up in
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ﬁnite time solutions exist dependent on their choice of initial data even if n= 1 and a = 1. Further they stated that one
may obtain a collapse solution to the simpliﬁed problem for a = −1 and any spatial dimension by the same argument.
In the previous paper [4], we studied Othmer–Stevens model for a < 0 and <  (cf. [5]). In this paper, we ﬁrst
prove the existence of time global solution to (1.1), (1.3), (1.4) and Wt = −WP for a > 0, < . Next, analogously
we show the existence of time global solution to another mathematical model of tumour angiogenesis by Anderson
and Chaplain, which is called Anderson–Chaplain model below. We further discuss some contact point between both
models and a common property to them.
2. Othmer and Stevens model for a > 0
In [4], we proved the existence of the collapse solution to (1.1)–(1.4) for a < 0 and <  by the method of energy. In
this section we will prove the existence of the collapse solution to a related problem to (1.1)–(1.4) for a > 0 and < .
Putting (x, t) = −t − u(x, t) for a positive constant , then (1.5) is reduced the following:
Pv[u] = utt − ∇ · [A(t, v)e−t−v∇u] − ∇ · [e−t−vA(t, v)ut∇v] − Dut = 0, (2.1)
where
A(t, v) = aD(− )
(+ e−t−v)(+ e−t−v) , a > 0, < .
Finally our problem is reduced to the following:
(TM)t
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Pu[u] = 0 in × (0,∞),


u = 0 on × (0,∞),
u(x, 0) = h0(x), ut (0, x) = h1(x) in .
It is seen that the following lemmas appeared in [4] are valid in our case, too. Suppose that
ut ∈ L2((0,∞);HM()),
where Hk() denotes Sobolev space Wk,2() of order k on  possessed the norm ‖ · ‖k.‖ · ‖ and (·, ·) are the norm
and the inner product of L2(), respectively.
Lemma 1. For M[n/2] + 1, then it holds that
lim
t→+∞ ‖e
−teu(·,t)‖L∞ = 0.
Lemma 2. For Mm + [n/2] + 1, then it holds that
(xu)
ke−teu ∈ L2(× (0,∞))
and
lim
t→+∞ ‖[(

xu)
ke−teu](·, t)‖L∞ = 0,
where k is a non-negative integer and  is a multi-index in ||m.
Lemma 3. For M[n/2] + 1, then there is c0 > 0 such that
c0A(t, u)K .
Here, c0 is uniform for , u in d , ‖ut‖L2((0,∞);HM())N , if d,N > 0 are given constants.
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Lemma 4. For M[n/2] + 1, then there is C > 0 such that∑
0 i1,||M
‖itxA(t, u)‖C.
Since Pu[u] is a hyperbolic equation with strong dissipation, by using the above lemmas we obtain the energy
inequality of (TM)t for sufﬁciently large  in the same way as derived the energy inequality in [4]
sup
t0
E2l[u](t)C, (2.2)
where l is any integer satisfying 2l[n/2] + 1, and
Ek[u] =
{
‖∇kut‖2 +
∥∥∥√A(t, u)e−t−u∇k∇u∥∥∥2} .
Therefore, we can ﬁnd the solution to (TM)t for sufﬁciently large > 0 in the same manner as used in [4]. Actually,
if initial data (h0(x), h1(x)) are smooth enough, it is seen that the solution u(x, t) is smooth, too. Furthermore,
we see that
lim
t→∞ ut (x, t) = limt→∞ u(x, t) = 0. (2.3)
Then, putting P(x, t) = −− ut (x, t) and W(x, t) = e−t−u(x,t) and denoting −P(x, t) by P(x, t) again, we see that
(P (x, t),W(x, t)) satisﬁes
Pt = DP − D∇ · (P∇ log(W)), (2.4)
Wt = −WP in × (0,∞) (2.5)
and
P(x, 0) = + h1(x), W(x, 0) = e−h0(x) in . (2.6)
We observe that there exists a constant T00 such that P(x, t)> 0 for any tT0. Especially, if we take ut (x, 0) =
h1(x)0 at t = 0, it is easily seen that P(x, t)> 0 for any t0 and sufﬁciently large > 0.
Theorem 1.1. If initial data are sufﬁciently smooth, for sufﬁciently large > 0 there exists a time global classical
solution (P,W) to the problem (1.1), (1.3) and (1.4) with Wt = −WP for a > 0 and < .
Taking account of (2.3), we have the following asymptotic property of the solution.
Corollary 1.1. Under the same assumption as in Theorem 1.1, there is a collapse in (1.1), (1.3) and (1.4) with
Wt = −WP for a > 0 and < .
3. Anderson and Chaplain model
In this section an analysis of another parabolic and ODEs system modelling tumour angiogenesis is presented. In
1998, Anderson and Chaplain proposed the equation describing EC (endothelial cells) migration is,
n
t
= Dn − ∇ · (	(c)n∇c) − 
0∇ · (n∇f ) in × (0,∞), (3.1)
where n= n(x, t) is the EC density, which is corresponding to P(x, t) in Othmer–Stevens model, D is the cell random
motility coefﬁcient, 	(c) is the chemotactic function (a measure of the sensitivity of EC response to TAF (tumour
angiogenesis factors), c), f = f (x, t) is the concentration of an adhesive chemical such as ﬁbronectine, 
0 is the
(constant) haptotactic coefﬁcient (see [1,2]). It is assumed that 	(c) takes the form
	(c) = 	0
1 + c ,
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where 	0 represents the maximum chemotacitic response and  is a measure of the severity of desensitisation of EC
receptors to TAF. They assume that the TAF concentration c = c(x, t) and the ﬁbronectin concentration satisfy the
following equations, respectively
f
t
= n − 0nf in × (0,∞), (3.2)
c
t
= −nc in × (0,∞), (3.3)
where , 0 and  are positive constants. The equations are normally posed in a bounded domain  with no-ﬂux
boundary conditions on . In this section we consider this model in the following form:
(AC)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

t
n = Dn − ∇ · (	(c)n∇c) − 
0∇ · (n∇f ),

t
f = n − 0nf in × (0,∞),

t
c = −nc,
n

∣∣∣∣

= c

∣∣∣∣

= f

∣∣∣∣

= 0 on × (0,∞),
n(x, 0) = n0(x), f (x, 0) = f0(x), c(x, 0) = c0(x).
Sleeman et al. [8] constructed a solution of (AC) in case c and f depends on x only in 1 or 2 dimension.
A similarity between the discrete forms of Othmer–Stevens model and Anderson–Chaplain model was discussed in
Anderson–Chaplain [2]. In this section we seek a common property to both these continuous models. Improving the
reduction process used in Section 2, we can reduce the system (3.1)–(3.3) to the same type of a single equation as (1.5).
That is, Anderson and Chaplain model can be essentially regarded as the same type of system as Othmer and Stevens
model for a > 0, <  satisfying Wt = −WP instead of (1.2) in such a sense.
By using the way used in Section 2, we can prove the existence of a time global smooth solution (n, f, c) of (AC).
Furthermore it is seen that the solution collapses. In fact, since

t
f = n − 0nf = −0n(f − −10 )
we have
ft
(f − −10 )
= (f − 
−1
0 )t
(f − −10 )
= 
t
ln(f − −10 ) = −0n.
On the other hand /tc = nc gives
ct
c
= 
t
ln c = n.
Put ln c(x, t) =(x, t) and n(x, t) = −1t (x, t). We further put ln(f (x, t) − −10 ) = −10((x, t) −(x, 0)) +
ln(f (x, 0)−−10 ), equivalently, f (x, t)−−10 =e
−10(x,t)c0(x)−
−10(f0(x)−−10 ). Then, for(x)=c0(x)−
−10
(f0(x) − −10 ), (3.1)–(3.3) are reduced to
t t = D∇2t − ∇ ·
(
	0e

1 + et∇
)
− ∇ · (
0−10te
−10(x)∇)
− ∇ · (
0te
−10∇(x)). (3.4)
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Below we only consider the case of f (x, t) = e−10(x,t) + −10 , namely (x) = 1, for simplicity. Thus (3.4) is
written by
t t = D∇2t − ∇ ·
(
	0e

1 + et∇
)
− ∇ · (
0−10te
−10∇). (3.4′ )
Let us consider for a positive constant 
t t − ∇ · (e−t∇) − Dt = 0, (3.5)
where =(x, t; e−) satisﬁes 0 > 0 for a constant 0, (x, t; s) is deﬁned in (×R+ ×[0, I ]) for a real number
I > 0 , satisﬁes for any integer i, j , multi-index  and a positive constant Cij
|itxjs (x, t; s)|Cij.
(3.5) is a generalization of (2.1) and (3.4)′. In fact, substituting by − in (3.4)′ the reduced equation is of the form:
t t − ∇ ·
(
	0e
−
1 + e−t∇
)
− ∇ ·
(

0

e−0/t∇
)
− Dt
=t t − ∇ ·
((
	0e
(−1)
1 + e− +

00

e(−0/)
)
e−t∇
)
− Dt , (3.6)
where  is a constant satisfying 0< = min{0−1, 1}. Putting
= 	0e
(−1)
1 + e− +

00

e(−0/),
(3.6) can bewritten in the formof (3.5).Here and in the belowput=1 for our convenience and set=t+u(x, t), > 0,
in (3.5). Denote
[u] = utt − ∇ · (e−(t+u)∇u) − ∇ · (e−(t+u)ut∇u) − Dut ,
then (AC) is reduced to the following problem with respect to u, which covers (TM)t , too.
(TM)t
⎧⎪⎪⎨
⎪⎪⎩
[u] = 0 in × (0,∞),


u = 0 on × (0,∞),
u(x, 0) = h0(x), ut (0, x) = h1(x) in .
It is easily seen that Lemmas 3,4 hold for  instead ofA. Hence we can deal with (TM)t in the same manner as used
in (TM)t and it will be observed that the solutions of both models have the same type of asymptotic property. Here lies
the contact point between these two models and there is a mathematical structure common to them in such a sense.
To show it, let us derive an energy estimate of (TM)t . We assume that u(x, t) is the solution of (TM)t and satisﬁes
EM [u]< + ∞ for any integer M[n/2] + 1 where
Ek[u] =
{
‖∇kut‖2 +
∥∥∥√e−t−u∇k∇u∥∥∥2} .
We consider
d
dt
‖ut‖2 = 2(utt , ut )
taking account of [u] = 0, that is, utt = ∇ · (e−t−u∇u) + ∇ · (e−t−uut∇u) + Dut ,
= − 2(e−t−u∇u + e−t−uut∇u + D∇ut , ∇ut ).
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Since it holds that
2(e−t−u∇u,∇ut ) = 
t
(e−t−u∇u,∇u) − (te−t−u∇u,∇u)
+ (e−t−uut∇u,∇u) + (2e−t−u∇u,∇u),
we have

t
{
‖ut‖2 +
∥∥∥√e−te−u∇u∥∥∥2}+ 2(e−t−u∇u,∇u) + 2D(∇ut ,∇ut ) + (e−t−uut∇u,∇u)
− (te−t−u∇u,∇u) + 2(e−t−uut∇u,∇ut ) = 0. (3.7)
Integrating the both sides of (3.7) over (0, t) we obtain the following basic energy inequality by using Lemmas 1–4 in
the same way as derived (2.2), if  is taken sufﬁciently large
sup
t0
E[u](t) +
∫ t
0
{(2e−t−u∇u,∇u) + D‖∇ut‖2} dtCM
( 1∑
i=0
‖hi‖21−i + 1
)
. (3.8)
Therefore in the same way as in [4] we obtain the energy inequality of higher order and show the existence of the
solution to (TM)t . Furthermore, we see limt→∞ u(x, t) = limt→∞ ut (x, t) = 0. Then we can show the following.
Theorem 2.1. If initial data are smooth enough, there is a time global classical solution (n(x, t), f (x, t), c(x, t)) of
(AC) such that it holds
lim
t→+∞ ‖n(x, t) − n¯0‖L∞() = 0, (3.9)
lim
t→+∞ ‖c(x, t)‖L∞() = 0, (3.10)
lim
t→+∞
∥∥∥∥f (x, t) − 0
∥∥∥∥
L∞()
= 0, (3.11)
where n¯0 stands for the spatial average of n0(x).
Proof of Theorem 2.1. Putting=−t −u, c= e, n=−−1t and f =−10 + e
−10, (n, f, c) is the solution
to (AC) for sufﬁciently large > 0. Then (3.9)–(3.11) follows from limt→∞ u(x, t) = limt→∞ ut (x, t) = 0. 
Since n(x, t) is corresponding to P(x, t) in Corollary 1.1, the same argument gives the following.
Corollary 2.1. Under the same assumption as in Theorem 2.1, there is a collapse in (AC).
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